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Abstract 
The two main objectives of this study were: 1) to analyze the effect of the coefficient of damping of the seal material 
on its operation parameters (simulation) and 2) to describe the selected engineering material (polyurethane) by means 
of the Standard II material model. 
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1. Introduction 
The safety of machine components is largely dependent on the mechanical properties of materials, e.g. 
tensile strength, yield strength, fatigue strength, impact strength and hardness, which are treated as static 
and dynamic indicators. With the knowledge of what affects the mechanical properties, engineers are able 
to solve various problems, which usually implies selecting an appropriate material to be used under 
specified mechanical load conditions.  
Mechanical, and particularly rheological properties, can be characterized using ideal material 
equations. An ideal material is represented by a mechanical model of a given continuum. The mechanical 
model is the representation of the characteristic features of this continuum by means of mechanical 
components, e.g. a spring, a hydraulic damper and a slide. The elements can be connected in series or 
parallel, creating multi-parameter models with different degrees of complexity. An ideal material is 
described with a constitutive equation that is usually a relation between the force acting upon the ideal 
material and the effect of this force, i.e. the resulting displacement. The relationships between stress and 
strain are also considered. 
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Developing equations of complex rheological models is very troublesome; it is thus common to use a 
method that involves introducing universal symbolic notation for the relations between the force and the 
strain [1]. As the relationships are differential, the differential operators Π and Γ need to be introduced. 
They provide us with an appropriate formula for performing the operation of differentiation of force and 
strain in the function of time. The relation between force P and strain x in the notation with a differential 
operator is as follows: 
)()( txtP Γ=Π .                (1) 
In algebraic transformations, the differential operators are treated as algebraic quantities, which 
implies that they can be used in algebraic operations. For models connected in parallel, we use a 
procedure similar to that used for a parallel connection of springs. The equations of ideal materials 
applied in engineering calculations replace the equation of a real material. As a result, it is possible to 
simulate the operation of various engineering systems. 
Ideal material models can be applied in practice if their constitutive equations can be used to describe a 
real solid material. Polymers, especially polyurethane polymers, are an example of engineering materials 
that can be described in this way [2,3]. Polyurethanes are engineering materials representing continua that 
combine the properties of solids and liquids. To develop the characteristic of the real material using the 
equations of the ideal material models, it is necessary to conduct a load test on the samples of the real 
material. The test results in the form of curves showing changes in the load force in the function of time 
are then used to identify the coefficients of the ideal material equation in order to describe the real 
material. 
The two main objectives of this study were: 1) to analyze the effect of the coefficient of damping of 
the seal material on its operation parameters (simulation) and 2) to describe the selected engineering 
material (polyurethane) by means of the Standard II material model. 
2. Influence of the mechanical properties of the seal material on the parameters of its operation 
2.1. Model of the dynamics of the sealing ring 
Many recent papers dealing with the dynamics of face seals, e.g. Refs. [4, 5, 6], treat sealing rings as 
ideal rigid bodies. 
This paper is concerned with the dynamics of a face sealing ring resulting from the predetermined 
disturbances of the primary motion of a turbomachine and the influence of the mechanical properties of 
the ring on the parameters of its operation. This study is a continuation and slight extension of Refs. [7,8]. 
In dynamic mechanical analysis, the mechanical properties of structural elements, for instance, the 
nonlinear influence of the elasticity of the ring material on the ring vibrations, are frequently taken into 
account [9]. 
A sealing ring is commonly made of plastic with nonlinear viscoelastic properties, e.g. polyurethane, 
rubber or polymer composites. A schematic diagram of the analyzed sealing ring is shown in Fig. 1. The 
sealing ring separates space A from space B. Figure 1a illustrates the position of the seal elements at no-
disturbance condition, while Fig 1b illustrates their position affected by angular disturbances. 
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Fig. 1. A face contacting seal. 1 – stator, 2 – sliding surfaces, 3 – rotor, 4 – fastening surface 
A sealing ring is pressed against a sliding surface with a constant force. Disturbances to the primary 
motion of the system cause that the axis of the seal rotor deviates by a certain, usually time-variant, angle 
δ(t), which leads to deformations of the sealing ring and its non-uniform pressure against the sliding 
surface. The pressure of the ring against the sliding surface prevents leakage of the medium between 
space B and space A. The sealing ring should be pressed against the sliding surface with a force larger 
than that required at the no disturbance condition. As a result the temperature rises due to friction and the 
wear of the ring is greater. In special cases, the vibrations of the ring material can be so strong that the 
seal will fail. 
It is significant to analyze the vibrations of the sealing ring considered as a continuum with combined 
mechanical properties. The problem solution depends on the formulation of the calculation model with 
effective simplifications. The sealing ring is initially pressed against the sliding surface with a constant 
force, P, causing initial stresses and strains, called initial condition. While the system moves, some small 
vibrations occur around that condition. They can be described linearly. 
The main assumption of the model was that the material used for the sealing ring was characterized by 
generalized linear mechanical properties for small vibrations around the initial operating condition. As a 
result, the axial strains of the ring become independent of the torsional strains. It was assumed that the 
rheological properties of the material used for the ring would be described by the Standard II ideal 
material model, presented in Fig. 2. 
Fig. 2. Standard II – the ideal material model used for describing the material for a sealing ring 
The model was simplified by decomposing the strains. The sealing ring was separated into elementary 
rings (Figs. 3a and b), and then further into elementary segments (Figs. 3c and d). It was assumed that 
during deformations the segments did not affect each other. This assumption involves some risk. It is 
essential not to consider the spatial stress condition; instead, it is reduced to the superposition of one-
dimensional conditions, which considerably simplifies further analysis. Errors resulting from these 
simplifications are not easy to assess. Further studies will focus on determining these errors through 
experiments. The axial strains of the ring were thus reduced to the longitudinal strains of the segments, 
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while the ring torsion to transverse strains, determined like bending due to non-dilatational strains only. 
By solving such a model, it is possible to determine the pressure of the ring against the sliding surface and 
to determine the friction forces and the non-dilatational strain of the ring, i.e. its torsion by using a 
suitable hypothesis of friction. 
Another objective was to formulate the direction of the vector of the driving torque applied to the shaft 
where the sealing ring is used. Two variants are possible here (Fig.1): a) a vector of that torque coincides 
with the y-axis – the torque does not follow the deviations of the shaft axis and b) a vector of this torque 
coincides with the moving η-axis  - the torque follows the deviations of the shaft axis. The latter case is 
much more difficult to solve. Further considerations will be based on variant a). 
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Fig. 3. Model of the sealing ring [8] 
2.2. Axial and transverse vibrations of the sealing ring
Only the final solution is presented here. The derivation of the equation is described in Ref. [8]. The 
considerations focused on the longitudinal vibrations of the elementary segment with length Δ and the 
area of the cross-section r dr dα, which was separated from the sealing ring. The vibrations were due to 
the kinematic excitation, which was attributable to the rotary motion and the deviation of the rotor axis 
(Fig. 1b). The equation of the longitudinal vibrations of the elementary segment, presented in Fig. 4, for 
small strains is as follows [8]: 
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where: 
)cos()(2)sin()]()([)( 2 αωδωαωδωδ +++−= ttttttq  .            (3) 
The equation was solved using the one-dimensional Bubnov-Galerkin method [10]. With regard to 
variable y, it was assumed that: 
)()(),( tSyYtyu ≈                 (4) 
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and  
yyY κsin)( = ,                (5) 
where: 
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Fig. 4. An elementary segment separated from the ring [8] 
Equation (6) can be solved by using a digital method for variable δ(t). An analytical solution is 
possible when constt =≈ δδ )(  and Δ= /πκ . Harmonic excitation and damping cause that at const=δ , 
the process of vibrations stabilizes. During the steady-state process, the system will vibrate harmonically 
with frequency ω. That is why a solution in the following form was sought: 
trBtrAtS ωω sincos)( += ,               (8) 
where: A and B are constants determined from the system of algebraic equations. 
The stress resulting from the ring vibrations was [8]: 
trDtrCrtt ωωαδωωαδωαδσσ sin),,(cos),,(),,,,(),0( +== ,           (9) 
where: C and D are constants. (The formulas are provided below, in the calculations of the 
MATHCAD program). 
Like in the case of axial vibrations, only ready solution is included. The derivation is presented in Ref. 
[8]. The transverse vibrations of the sealing ring were due to the variability in the friction forces on the 
sliding surface. The forces were dependent on numerous factors, including stresses σ shown above. 
The equation of the transverse vibrations was derived for the elementary segments. The shape of an 
elementary segment is shown in Fig. 5. It was assumed that it bends only due to non-dilatational strains 
(tangential stresses). The ideal material model used for this analysis was Standard II. 
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Fig. 5. Elementary segment [8] 
The equation of the transverse vibrations of the elementary segments is as follows [8]: 
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Like in the case of axial vibrations, the Bubnov-Galerkin method was used [10], thus: 
)],0(),0([2)()()1()()(
2
12
2
12
2
t
G
ttT
k
G
tT
G
G
k
tTtT
G
σ
γ
σ
ρ
μ
ρ
λ
ρ
γλγ  +
Δ
=++++ .        (11) 
In the simplest friction model, the dynamic component was: 
)sincos(),0( tDtCrtd ωωμμστ +== .           (12) 
The total stress was: 
d
rr
P
τ
π
μ
τ +
−
= )(
4
2
1
2
2
.             (13) 
2.3. Effect of the damping coefficient on the tangential stresses 
By calculating the tangential stresses, one can easily determine the friction force and then the friction 
torque, with the latter being one of the parameters of operation of a face sliding seal. 
 The calculations of the tangential stresses were performed for the following data: 
210
1 /103 mNE ⋅= , 
210
2 /108 mNE ⋅= , 
210
1 /101 mNG ⋅= , 
210
2 /108.2 mNG ⋅= , 25 /105 mNs⋅=γ , 
3/2000 mkg=ρ , m01.0=Δ , o1,0=δ , 2.0=μ , 2.1=k , mr 02.01 = , mr 04.02 = , 
srad /600=ω , mr 03.0=  i o180=α , P = 10 N. 
The following values of the damping coefficient were assumed: η = 5⋅102; 5⋅106; 8⋅106; 107; 5⋅107; 0; 
5⋅1020; 3.65⋅107 Ns/m2. Some of the recorded Mathcad calculations are included below. 
104   Jerzy Bochnia /  Procedia Engineering  39 ( 2012 )  98 – 110 
τ d t( ) μ r⋅ C cos ω t⋅( )⋅ D sin ω t⋅( )⋅+( )⋅:=
A
2 δ⋅ ω2⋅
π
§¨
©
·¸
¹
η
E2
ω
3
⋅
π
2 η⋅ ω⋅
Δ2 ρ⋅
1
E1
E2
+
§¨
©
·¸
¹⋅−
π
2 E1⋅
Δ2 ρ⋅
+ ω
2
−
ª«
«¬
º»
»¼
⋅
ª«
«¬
º»
»¼
cos α( ) η ω⋅
E2
sin α( )⋅−§¨©
·¸
¹⋅
η
E2
ω
3
⋅
π
2 η⋅ ω⋅
Δ2 ρ⋅
1
E1
E2
+
§¨
©
·¸
¹⋅−
ª««¬
º»»¼
2
π
2 E1⋅
Δ2 ρ⋅
ω
2
−
§¨
©¨
·¸
¹¸
2
+
:=
B
2 δ⋅ ω2⋅
π
§¨
©
·¸
¹
η
E2
ω
3
⋅
π
2 η⋅ ω⋅
Δ2 ρ⋅
1
E1
E2
+
§¨
©
·¸
¹⋅−
π
2 E1⋅
Δ2 ρ⋅
+ ω
2
−
ª««¬
º»»¼
⋅
ª««¬
º»»¼
sin α( ) η ω⋅
E2
cos α( )⋅−§¨©
·¸
¹⋅
η
E2
ω
3
⋅
π
2 η⋅ ω⋅
Δ2 ρ⋅
1
E1
E2
+
§¨
©
·¸
¹⋅−
ª«
«¬
º»
»¼
2
π
2 E1⋅
Δ2 ρ⋅
ω
2
−
§¨
©¨
·¸
¹¸
2
+
:=
C
π
Δ
E1
η2 ω2⋅
E2
1
E1
E2
+
§¨
©
·¸
¹⋅+
ª«¬
º»¼ A⋅ η ω⋅ B⋅+
ª«¬
º»¼⋅
1
η ω⋅
E2
§¨
©
·¸
¹
2
+
:=
D
π
Δ
E1
η2 ω2⋅
E2
1
E1
E2
+
§¨
©
·¸
¹⋅+
ª«¬
º»¼ B⋅ η ω⋅ A⋅−
ª«¬
º»¼⋅
1
η ω⋅
E2
§¨
©
·¸
¹
2
+
:=
where: A, B, C, D are coefficients in Eqs. (8) and (12). Figure 6 shows time-dependent changes in the 
tangential stress for different values of the damping coefficients. 
                                              
Fig. 6. Tangential stresses for different values of the damping coefficients: 1 - η = 5⋅102 Ns/m2; 2 - η = 5⋅106 Ns/m2; 3 - η = 8⋅106
Ns/m2; 4 - η = 107 Ns/m2; 5 - η = 5⋅107 Ns/m2; 6 - η = 0; 7 - η = 3.65⋅107 Ns/m2; 8 - η = 5⋅1020 Ns/m2
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It was also essential to calculate the maximum tangential stresses (amplitudes) for different values of 
the damping coefficients. The results are shown in Fig. 7. 
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Fig. 7. Relations between the maximum tangential stresses and the values of η in the range from zero to 1010 Ns/m2 (logarithmic 
scale). When the curve reaches a minimum, the value of the dynamic component of the tangential stress τd is in practice close to 
zero 
In the analyzed model of the face seal dynamics, the rheological properties of the sliding ring are taken 
into account. They can be used in simulations aiming at determining the relations between the vibrations 
and the coefficients characterizing these properties (the damping coefficients) as well as the different 
effects of the pressure force and the coefficient of friction. The main advantage of applying this type of 
model to analyze the dynamics of a seal is that it is possible to avoid costly and labour-intensive 
experimental studies. 
The calculation results indicate that for low as well as high values of the damping coefficient, the 
tangential stress reaches a maximum. Curves (6) and (8) (Fig. 6) actually coincide. 
For given operation conditions of the sliding rings, there exists a certain value of the damping 
coefficient that causes a decrease in the amplitude of values of the tangential stresses almost to zero, as 
shown in the diagram in Fig. 7. 
3. Determining the characteristics of selected real materials using the equation of the standard II 
ideal material model 
3.1. Determining the stress relaxation of polyurethanes 
Ideal material models can be applied in practice if their equations are suitable to describe a real solid 
material. Polymers, especially polyurethanes, are a good example of engineering materials that can be 
described in this way. The analysis was performed for polyurethanes (EPUR) representing continua that 
combine the properties of solids and liquids. 
A relaxation test was conducted to determine the characteristic of the real material using the ideal 
material model equations. The results in the form of a curve showing the time-dependent changes in the 
load force were compared with the theoretical curve obtained by solving the equation describing the 
assumed ideal material model. The comparison results were used to calculate the coefficients 
characterizing this model.  
The tests were performed on samples made of polyurethanes (EPUR) with the Shore hardness number 
of 90 and 95, using an Instron 5582 universal testing machine and equipment for static compression tests.  
The tests involved applying a plate that exerted a continuous load to maintain a constant depth of  
indentation H = 1 mm. 
The stress relaxation was determined by pressing the plate against a polyurethane sample and, 
simultaneously, maintaining a constant depth of indentation H = 1 mm. The condition was achieved by  
applying the hold extension function of the universal testing machine involving automatic regulation of 
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the predetermined value of the displacement of the crossbar with the integrated plate. After indentation at 
a constant load rate to a predetermined depth, the plate reaches equilibrium between the external force 
and the internal forces – stresses. Applying the load longer would result in very slow indentation of the 
plate, which is related to the relaxation properties of the material. The control system of the universal 
testing machine controls the loading of the plate by maintaining the predetermined depth of indentation. 
The data acquisition system registers these changes in the function of time. To assess the stress relaxation 
properties of the selected engineering materials, it was necessary to maintain constant indentation 
H = 1 mm for a specific period of time (10 min, in this case). There was a decrease in the load F, 
designated as ΔFrelaks. The test results in the form of relaxation curves are shown in Fig. 8. 
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Fig. 8. Stress relaxation curves 
The stress relaxation curves (Fig. 8) were divided into three areas: 
I. Static loading (compression) of the polyurethane sample in time 0 ÷ t1. 
II. Application of the Hold extension function, i.e. maintaining a constant value of strain H = 1 mm in 
time t1 ÷ t2.
III. Releasing the sample from the compressive force until zero was reached, in time longer than t2. 
Then, the next parts of the curves were analyzed, i.e. relaxation in time t1 ÷ t2. 
3.2. Calculating the coefficients of the ideal material equation 
The theoretical description was based on the Standard II ideal material model shown in Fig. 9. 
C1
k2 k1
x(t)
P(t)
Fig. 9. Standard II model used for describing the analyzed polyurethanes 
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If the differential operators in Eq. (1) are replaced with expressions suitable for the Standard II model, 
we obtain: 
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After transformations, the equation describing the model given in Fig. 9 is as follows: 
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In the relaxation process, we have: x(t) = const, thus we obtain: 
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After integration we get: 
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where: 
1
1
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k
ar =
. 
The coefficients of the above equation were determined using the given-find block of the Mathcad 
program for the following experimental data obtained during the relaxation test for EPUR 95: 
x = 0.001 m; 
P1 = 1434.65 N, t = 62 s; 
P3 = 1263.62 N, t = 400 s; 
P4 = 1233.21 N, t = 662 s. 
The calculated values of the coefficients were: k1 = 1.85⋅105 N/m, k2 = 1.206⋅106 N/m and 
C1 = 6.331⋅107 Ns/m. After substitution into Eq. (17), they adjusted the general solution to the specific  
real material, describing it with the required accuracy. The solution results were presented in the form of a 
graph in Fig. 10. 
108   Jerzy Bochnia /  Procedia Engineering  39 ( 2012 )  98 – 110 
0 100 200 300 400 500 600 7001100
1150
1200
1250
1300
1350
1400
1450
1500
Time [s]
Lo
ad
 
[N
]
1500
1100
P t( )
7000 t
Fig. 10. Theoretical stress relaxation curve of the Standard II ideal material model describing the EPUR 95 material. 
The theoretical and experimental relaxation curves are compared in Fig. 11. 
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Fig. 11. Stress relaxation curves: the theoretical curve for the Standard II ideal material model and the experimental curve, both 
describing EPUR 95 
As shown in Fig. 11, the Standard II model with the predetermined coefficients, i.e. k1 = 1.85⋅105 N/m,  
k2 = 1.206⋅106 N/m and C1 = 6.331⋅107 Ns/m describes EPUR 95 quite well. For most of the range, the 
curves coincide, however, some differences occur in the first seconds of the process. At the beginning of 
the process, the difference was approximately 5.4 % and it gradually diminished to a few hundredths of a 
percent. 
The same procedure was used for EPUR 90. The coefficients of the equation of relaxation were 
determined using the given-find block. The following experimental data obtained from the relaxation test 
for EPUR 90 were analyzed: 
x = 0.001 m; 
P1 = 747.09 N, t = 100 s; 
P2 = 720.85 N, t = 200 s; 
P4 = 690.03 N, t = 600 s. 
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The comparison of the theoretical and experimental stress relaxation curves is presented in Fig. 12. 
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Fig. 12. Stress relaxation curves: the theoretical curve for the Standard II ideal material model and the experimental curve, both 
describing EPUR 90
The curves in Fig. 12 indicate that the Standard II model with the predetermined coefficients, i.e. k1 = 
1.069⋅105 N/m, k2 = 6.865⋅105 N/m and C1 = 1.884⋅107 Ns/m, describes the analyzed material, EPUR 90, 
quite well (better than in the case of EPUR 95), although in the first seconds of the process there were 
some differences, like in the previous case. At the beginning of the process, the difference was about 3.2 
% and gradually diminished to a few tenths of a percent. 
4. Conclusion 
This study was conducted first to analyze the effect of the coefficient of damping of the seal material 
on the parameters of its operation and then to describe the selected engineering material (polyurethane) by 
means of the Standard II material model. The results confirm the suitability of ideal material models for 
pictorial purposes, simulations and theoretical considerations as well as in engineering practice, for 
various calculations. 
It can be concluded that a real material can be described with high accuracy in a specified range by 
means of an ideal material equation. In this study, the coefficients of the Standard II model equation were 
determined in such a way that the theoretical relaxation curves corresponded to the real (experimental) 
curves in the specified ranges of parameters. As shown in Section 2, the experimentally determined 
coefficients of the ideal material equation can be used to compare, with some predetermined accuracy, the 
general model with the real engineering material. 
As illustrated in Section 1, the ideal material can also be used to perform an analysis for a seal model 
so that it is then possible to select the most suitable engineering material with parameters ensuring 
maximum damping of vibrations. 
The above considerations were based on only one model, i.e. Standard II. It should be mentioned, 
however, that this method can be used for multi-parameter models of ideal materials. 
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